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Improved Adaptive–Reinforcement Learning Control
for Morphing Unmanned Air Vehicles

John Valasek, Senior Member, IEEE, James Doebbler, Monish D. Tandale, and Andrew J. Meade

Abstract—This paper presents an improved Adaptive–
Reinforcement Learning Control methodology for the problem
of unmanned air vehicle morphing control. The reinforcement
learning morphing control function that learns the optimal
shape change policy is integrated with an adaptive dynamic
inversion control trajectory tracking function. An episodic
unsupervised learning simulation using the Q-learning method
is developed to replace an earlier and less accurate Actor-Critic
algorithm. Sequential Function Approximation, a Galerkin-based
scattered data approximation scheme, replaces a K-Nearest
Neighbors (KNN) method and is used to generalize the learning
from previously experienced quantized states and actions to
the continuous state-action space, all of which may not have
been experienced before. The improved method showed smaller
errors and improved learning of the optimal shape compared to
the KNN.

Index Terms—Adaptive control, approximation methods,
learning control systems, shape control, unmanned air vehicles.

I. INTRODUCTION

MORPHING research has led to a series of break-
throughs in a wide variety of disciplines that, when

fully realized for air vehicle applications, have the potential
to produce large increments in aviation safety, affordability,
and environmental compatibility. Valasek et al. developed an
Adaptive–Reinforcement Learning Control (A-RLC) method-
ology to the morphing air vehicle control problem [1]. Struc-
tured Adaptive Model Inversion (SAMI) was used as the
controller for tracking trajectories and handling time-varying
properties, parametric uncertainties, unmodeled dynamics, and
disturbances. A reinforcement learning (RL) module using an
Actor-Critic algorithm was used to learn how to produce the
optimal shape at every flight condition. While the A-RLC
methodology worked well, the learning was found to be de-
pendent on the performance of the function approximator. The
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learning itself was found to be decoupled from the actual
approximation method used; the data to be approximated is
sparse in some regions. The K-Nearest Neighbors (KNN) is
not accurate in those regions because it is an “averager”-type
approximator, and at times, this produced significant errors in
the achievable morphed shapes.

This paper extends and improves upon the methods and
results in [1] by using improved nonlinear Shape Memory Alloy
(SMA) dynamics, a Q-learning algorithm in place of the Actor-
Critic algorithm, and a Galerkin Sequential Function Approxi-
mation (SFA) in place of the KNN function approximation.

II. MORPHING AIR VEHICLE MODEL AND SIMULATION

A simplified morphing air vehicle model in the shape of
an ellipsoid is used to obtain the results in this paper. The
morphing used in this paper involves a change in the dimen-
sions of the ellipsoid axes while maintaining a constant total
volume. The RL module specifies the y- and z-axis dimensions,
corresponding to the current flight condition, and the x dimen-
sion is calculated by enforcing the constant volume condition
x = 6V ol/πyz. The ellipsoidal air vehicle is composed of an
SMA whose shape can be modulated by applying voltage.
The morphing dynamics are nonlinear differential equations
given by

ÿ + 2.5ẏ + 2.5y + 0.4 sin (π(y − 2)) − 5 =V olty (1)

z̈ + 1.8ż + 2z + 0.6(z − 2)(z − 4) − 4 =V oltz. (2)

The model for relating the y and z dimensions to the applied
voltages is given by (1) and (2). Note that the coefficients are
arbitrarily selected to form a conceptual model for the morph-
ing dynamics. The optimal y and z dimensions, respectively,
are arbitrarily selected to be nonlinear functions of the flight
condition F , i.e.,

Sy(F ) = 3 + cos
(π

5
F

)
(3)

Sz(F ) = 2 + 2e−0.5F . (4)

With the optimal y and z dimensions given by (3) and (4), the
costs associated with the y and z dimensions are summed to
give the total cost

J = Jy + Jz = (y − Sy(F ))2 + (z − Sz(F ))2 (5)

where y and z are any arbitrary dimensions. For the simulation,
flight conditions are specified at various locations along a
predesignated flight path. For this simplified example, the opti-
mal shapes are not correlated to the flight path but depend only
on the flight condition.

1083-4419/$25.00 © 2008 IEEE
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A. Dynamical Model of Morphing Air Vehicle

The dynamic behavior of the morphing air vehicle is modeled
by nonlinear six degree-of-freedom equations written in two
coordinate systems: an inertial axis system, and a body fixed
axis with origin at the center of mass of the air vehicle. The
states dx, dy , and dz are the positions of the center of mass of
the morphing air vehicle along the inertial XN , YN , and ZN

axes, and φ, θ, and ψ are the 3–2–1 Euler angles that give the
relative orientation of the body axis with the inertial axis. The
acceleration level states are the body axis linear velocities u, v,
and w, and the body axis angular velocities p, q, and r.

Let pc = [ dx dy dz ]T , vc = [u v w ]T , σ =
[φ θ ψ ]T , and ω = [ p q r ]T

The kinematic states and the acceleration states are related
by the differential equations

ṗc = Jlvc (6)

σ̇ = Jaω (7)

where

Jl =


CθCψ SφSθCψ − CφSψ CφSθCψ + SφSψ

CθSψ SφSθSψ + CφCψ CφSθSψ − SφCψ

−Sθ SφCθ CφCθ




Ja =


 1 Sφ tan(θ) Cφ tan(θ)

0 Cφ −Sφ

0 Sφ sec(θ) Cφ sec(θ)


 (8)

and Cφ = cos(φ), Sθ = sin(θ), and so on. The acceleration
level differential equations are

mv̇c + ω̃mvc =F + Fd (9)

Iω̇ + İω + ω̃Iω =M + Md (10)

where m is the mass of the morphing air vehicle, F is the
control force, Fd is the drag force, I is the body axis moment
of inertia, M is the control torque, Md is the drag moment, and
ω̃V is the matrix representation of the cross product between
vector ω and vector V, where

ω̃ =


 0 −r q

r 0 −p
−q p 0


 . (11)

For this paper, the motion of the morphing air vehicle is simu-
lated in the absence of gravity. Equation (10) has an additional
term İω that is a consequence of the shape change and is
responsible for speeding up or slowing down the rotation of
the air vehicle due to the time rate of change in the moment of
inertia about a particular axis.

The drag force Fd and the drag moment Md are modeled
as functions of the air density ρ, the square of the velocity
along the axis, and the projected area of the ellipsoidal air
vehicle perpendicular and parallel to the axis, respectively. The
dimensions of the ellipsoid axes along the body axis are x, y,
and z, respectively. We have

Fd =
−ρπ

8


 u2sgn(u)yz

v2sgn(v)xz
w2sgn(w)xy


 (12)

Md =
−ρπ

8


 p2sgn(p)x(y + z)

q2sgn(q)y(x + z)
r2sgn(r)z(x + y)


 . (13)

B. Trajectory Generation

The reference trajectory is arbitrary and is generated as a
combination of straight lines and sinusoidal curves. The total
flight path is divided into an odd number of segments of variable
lengths. During every odd-numbered segment, the dy and dz

locations remain constant while their values are generated by
a random function. The even-numbered segments connect the
trajectories in two adjacent sections with smooth sinusoidal
curves. The morphing air vehicle flies along the flight trajectory
with a constant inertial velocity along the XN inertial axis.
For the attitude reference, it tracks prescribed sinusoidal roll
oscillations along the XN inertial axis.

III. RL MODULE

The RL module’s objective is to learn the optimal control
policy for a specific flight condition, which commands the
optimal voltage to achieve Sy and Sz over the entire flight
trajectory. The mapping from state st ∈ S, where S is a set of
possible states, to the probabilities of selecting each possible
action at ∈ A(st), where A(st) is a set of actions available in
state s(t) at time t, is the agent’s policy πt(s, a). It indicates
the probability that at = a given st = s at t. The agent’s goal is
to find the optimal policy π∗ that has the optimal state-value
function V ∗(s) = maxπ V π(s) and the optimal action-value
function Q∗(s, a) = maxπ Qπ(s, a). In many applications of
RL to control tasks, the state space is too large to enumerate the
value function, so function approximators must be used to com-
pactly represent the value function. For the current problem, the
RL module has no prior knowledge of the relationship between
voltages, as defined by the voltage functions on the right-hand
side (RHS) of (1) and (2), and the dimensions of the morphing
air vehicle. Neither does it know the relationship between the
flight conditions, costs, and optimal shapes. However, it does
know all possible voltages that can be applied and has accu-
rate real-time information of the vehicle shape, present flight
condition, and the current cost provided by a variety of sensors.

The RL algorithm used here is the one-step Q-learning
method, which is a common off-policy temporal difference
control algorithm [2].

• Initialize Q(s, a) arbitrarily
• Repeat (for each episode)

— Initialize s
— Repeat (for each step of the episode)

∗ Choose a from s using policy derived from Q(s, a)
(e.g., ε-Greedy Policy)

∗ Take action a, observe r, s′

∗ Q(s, a) ← Q(s, a) + α{r + γ maxa′ Q(s′, a′)−
Q(s, a)}

∗ s ← s′

— until s is terminal
• return Q(s, a)

In this algorithm, γ is the discount rate parameter. As the learn-
ing episodes increase, the learned action-value function Q(s, a)
asymptotically converges to the optimal action-value function
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Q∗(s, a). The method is an off-policy one as it evaluates the tar-
get policy following another policy. Here, the ε-greedy policy is
used, in which the action a with the maximum Q(s, a)
is selected with probability 1-ε; otherwise, a random action
is selected. In the current approach, ε is gradually decreased
as the learning goes on, which allows the agent to exploit
its learning result as the number of episodes increase. The
RL problem is decoupled into two independent problems that
correspond to the y and z dimensions, respectively. For both
dimensions, S = [2, 4] × [0, 5] is a 2-D continuous Cartesian
space consisting of all the possible states. For each state,
A(s) = {−1.0,−0.5, 0.0, 0.5, 1.0} are all possible voltages
that can be applied. The training is conducted at six discrete
flight conditions F = {0, 1, 2, 3, 4, 5}, so the cost J : [2, 4] ×
[2, 4] × [0, 5] → [0,∞]. For each flight condition, the number
of samples for approximating the action-value function is 2000.
The RL agent runs ten iterations on these samples to update
their Q values.

IV. FUNCTION APPROXIMATION

The Q-learning algorithm introduced above can be used
for either continuous or discrete action sets. The action-value
function Q(s, a) determined by the RL module is sampled at
discrete states, not discretized, but the shape of the morphing
air vehicle is on a continuous domain with inputs that are
discrete voltages. The continuous space cannot be accurately
implemented and learned, so for computational purposes, the
discrete implementation was chosen. Thus, the action-value
function must be interpolated and approximated in order to
apply the learned information. The authors’ earlier work used
the KNN method, which computes a weighted average of
the KNN in the sampled space [1]. As will be shown in
Section VII, the KNN performed mediocre at best for this
application since the method is susceptible to the absence of
accurate information near the desired point. To obtain improved
function approximation, the Galerkin SFA method is used
because it is an adaptive and matrix-free scheme that is useful
for interpolating and approximating sparse multidimensional
scattered data.

A. SFA

The development of this method was motivated by the
similarities between iterative optimization procedures and the
method of weighted residuals, specifically the Galerkin method
[3]. To begin, we can write the function residual as

r(cn, ξ,βn) = rn

= u(ξ) − ua
n(ξ)

= u(ξ) − ua
(n−1)(ξ) − cnφ (η(ξ,βn))

= r(n−1) − cnφ (η(ξ,βn))
= r(n−1) − cnφn.

Utilizing the Petrov–Galerkin approach, we select a cn that will
force the function residual to be orthogonal to the basis function

〈rn, φn〉 = −
〈

rn,
∂rn

∂cn

〉
= −1

2
∂〈rn, rn〉

∂cn
= 0

which is equivalent to selecting a value of cn that will minimize
〈rn, rn〉 or

cn =
〈φn, r(n−1)〉
〈φn, φn〉

. (14)

Using (14), the values of our remaining variables (βn) must
minimize as

〈rn, rn〉 = 〈r(n−1), r(n−1)〉
(

1 −
〈φn, r(n−1)〉2

〈φn, φn〉〈r(n−1), r(n−1)〉

)
.

(15)

Recalling the definition of the cosine using arbitrary func-
tions f and v

cos(θ) =
〈f, v〉

〈f, f〉1/2〈v, v〉1/2

and the equivalence between the inner product and the square
of the L2 norm, (15) can be written as

‖rn‖2
2 = ‖r(n−1)‖2

2 sin2(θn) (16)

where θn is the angle between φn and r(n−1). With (16),
‖rn‖2 < ‖r(n−1)‖2 as long as φn is not orthogonal to the
previous equation residual r(n−1), that is, θn 
= π/2. To force
‖rN‖2 → 0, a low-dimensional function approximation prob-
lem must be solved at each stage n. This involves an uncon-
strained nonlinear optimization in the determination βN . The
dimensionality of the nonlinear optimization problem is kept
low since we are solving for only one basis at a time.

In this paper, we assumed that the underlying function was
smooth but could only be measured as a positive integer be-
tween 0 and 5. For example, 0.49 was measured as 0, and 2.5
was measured as 3. Consequently, we used radial basis func-
tions (RBFs) to approximate the underlying function since it is
smooth and has the fewest parameters to optimize, i.e., the cen-
ter and the width. When using RBFs in this implementation of
the SFA method, then the upper bound of the residual should be

〈rn, rn〉 = ‖rn‖2
2 ≤ Ca−n (17)

as per the results of [4], where 0 ≤ a ≤ 1. In this imple-
mentation, (17) indicates that we should observe an expo-
nential convergence that does not explicitly depend on the
dimensionality of the approximation. It sidesteps the “curse
of dimensionality” [5]. A combination of three criteria can be
used to terminate the SFA algorithm: ‖rn‖2

2, or |cn| falls below
a user-specified tolerance (τ), or the number of bases n exceeds
the user-specified maximum. In this paper, we terminate the
calculations when either |cn| ≤ τ or n ≥ s, and we have
measured our approximation ua

n to the nearest integer value.

V. SAMI CONTROL

The SAMI controller [6] is used here to track the reference
trajectories, even when the dynamic properties of the air vehicle
change due to morphing. This controller is designed to drive the
error between the output of the actual plant and the reference
trajectories to zero, with prescribed error dynamics. The SAMI
approach has also been extended to handle actuator failures



VALASEK et al.: IMPROVED A-RLC FOR MORPHING UNMANNED AIR VEHICLES 1017

and to facilitate correct adaptation in the presence of actuator
saturation [7], [8]. Without the angular drag and the İω term,
(8) and (10) can be manipulated to obtain

I∗a (σ)σ̈ + C∗
a(σ, σ̇) σ̇ = PT

a (σ)M (18)

where the matrices I∗a(σ), C∗
a(σ, σ̇), and P (σ) are defined as

Pa(σ) ∆= J−1
a (σ) (19)

I∗a(σ) ∆= PT
a IPa (20)

C∗
a(σ, σ̇) ∆= −I∗aJ̇aPa + PT

a [P̃aσ̇]IPa. (21)

The left-hand side of (18) can be linearly parameterized as

I∗a(σ)σ̈ + C∗
a(σ, σ̇)σ̇ = Ya(σ, σ̇, σ̈)θ (22)

where Ya(σ, σ̇, σ̈) is a regression matrix, and θ is

the constant inertia parameter vector defined as θ
∆=

[ I11 I22 I33 I12 I13 I23 ]T . It can be seen that the
product of the inertia matrix and a vector can be written as

Iν = Λ(ν)θ ∀ν ∈ R
3 (23)

where Λ ∈ R
3×6 is defined as

Λ(ν) ∆=


 ν1 0 0 ν2 ν3 0

0 ν2 0 ν1 0 ν3

0 0 ν3 0 ν1 ν2


 . (24)

The terms on the left-hand side of (18) can be written as

I∗aσ̈ =PT
a IPaσ̈

=PT
a Λ(Paσ̈)θ (25)

C∗
aσ̇ = −PT

a IPaJ̇aPaσ̇ + PT
a [P̃aσ̇]IPaσ̇

=PT
a

{
−Λ(PaJ̇aPaσ̇) + [P̃aσ̇]Λ(Paσ̇)

}
θ. (26)

Combining (25) and (26), we have the linear minimal parame-
terization for the inertia matrix [9]

I∗a(σ)σ̈ + C∗
a(σ, σ̇)σ̇ = PT

a

{
Λ(Paσ̈) − Λ(PaJ̇aPaσ̇)

+[P̃aσ̇]Λ(Paσ̇)
}

θ

= Ya(σ, σ̇, σ̈)θ. (27)

The attitude tracking problem can be formulated as follows.
The control objective is to track an attitude trajectory in terms
of the 3–2–1 Euler angles. The desired reference trajectory is
assumed to be twice differentiable with respect to time. Let

ε
∆= σ − σr be the tracking error. Differentiating twice and

multiplying by I∗a throughout, we have

I∗aε̈ = I∗aσ̈ − I∗aσ̈r. (28)

Adding (Cda + C∗(σ, σ̇))ε̇ + Kdaε on both sides, where Cda

and Kda are the design matrices, we have

I∗aε̈ + (Cda + C∗
a(σ, σ̇)) ε̇ + Kdaε

= I∗aσ̈ − I∗aσ̈r + (Cda + C∗
a(σ, σ̇)) ε̇ + Kdaε. (29)

The RHS of (29) can be written as

(I∗aσ̈+C∗
a(σ, σ̇)σ̇)−(I∗aσ̈r+C∗

a(σ, σ̇)σ̇r)+Cdaε̇+Kdaε.
(30)

From (18) and the construction of Y similar to (27), the RHS of
(29) can be further written as

PT
a M − Ya(σ, σ̇, σ̇r, σ̈r)θ + Cdaε̇ + Kdaε. (31)

So the control law can now be chosen as

M = P−T
a {Ya(σ, σ̇, σ̇r, σ̈r)θ − Cdaε̇ − Kdaε} . (32)

The above control law requires that the inertia parameters θ
be accurately known, but they may not be accurately known in
actual practice. So by using the certainty equivalence principle
[10], adaptive estimates for the inertia parameters θ̂ will be used
for calculating the control

M = P−T
a

{
Ya(σ, σ̇, σ̇r, σ̈r)θ̂ − Cdaε̇ − Kdaε

}
. (33)

With the control law given in (33), the closed-loop dynamics
takes the following form:

I∗aε̈ + (Cda + C∗
a(σ, σ̇)) ε̇ + Kdaε = Ya(σ, σ̇, σ̈)θ̃ (34)

where θ̃ = θ̂ − θ. Now consider the candidate Lyapunov
function

V =
1
2
ε̇T I∗aε̇ +

1
2
εT Kdaε +

1
2
θ̃

T
τ−1θ̃ (35)

where τ−1 is a symmetric positive definite gain matrix. Taking
the derivative of the Lyapunov function along the closed-loop
trajectories given by (34), and on further simplification, we have

V̇ = ε̇T

[
1
2
İ∗a − C∗

a

]
ε̇ − ε̇T Cdaε̇

+
(

ε̇T Ya(σ, σ̇, σ̇r, σ̈r) + ˙̃
θ

T

τ−1

)
θ̃. (36)

The first term vanishes because [(1/2)İ∗a − C∗
a] is skew sym-

metric. Setting the coefficient of θ̃ to 0, we obtain the adaptive
laws

˙̃
θ = −τYa(σ, σ̇, σ̇r, σ̈r)T ε̇. (37)

From the definition of θ̃ and assuming that the true parameter
θ remains constant, we have

˙̂
θ = −τYa(σ, σ̇, σ̇r, σ̈r)T ε̇. (38)

This update law renders the derivative of the Lyapunov function

V̇ = −ε̇T Cdaε̇. (39)

Thus, the derivative is negative semidefinite. From (35) and
(39), it can be concluded that ε, ε̇, and θ are bounded. Using
the standard procedure of application of Barbalat’s lemma [10],
asymptotic stability of the tracking error dynamics can be
concluded for bounded reference trajectories. Following similar
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Fig. 1. A-RLC architecture.

lines as the attitude controller, a SAMI controller for the control
of the linear states of the air vehicle can also be implemented.

VI. A-RLC ARCHITECTURE FUNCTIONALITY

The A-RLC architecture is composed of two subsystems,
i.e., RL and SAMI (Fig. 1). The two subsystems significantly
interact during both the episodic learning stage, when the
optimal shape change policy is learned, and the operational
stage, when the plant morphs and tracks a trajectory. The RL
module initially commands an arbitrary action from the set
of admissible actions. This action is sent to the plant, which
produces a shape change, which also causes the plant dynamics
to change. The SAMI controller maintains trajectory tracking
irrespective of the changing dynamics of the plant due to
these shape changes. The cost associated with the resultant
shape change, in terms of drag force and fuel consumption, is
evaluated with the cost function. For the next step, a new action
is generated based on the current policy and the current action-
value function, and the sequence repeats itself.

VII. NUMERICAL SIMULATION EXAMPLE

The numerical example demonstrates the realistic dynamics
and improved function approximation scheme used with the
A-RLC architecture. The measures of merit are tracking perfor-
mance and comparison of the total rms error between the actual
shape and the learned shape. The learning takes place over
200 unsupervised learning episodes, each consisting of a single
200-s transit through a 100-m-long path. The sequence of the
flight conditions is random and changes twice during each
episode. For learning purposes, new shape change commands
are issued at 10-s intervals. The reference trajectory to be
tracked in each episode is arbitrarily generated. The trajec-
tory tracking performance is demonstrated with a single pass
through the path, with a randomly generated reference trajec-
tory and an arbitrary flight condition change at approximately
50-s intervals.

A. Learning Performance

Fig. 2 compares the optimal shape with the actual shape
achieved after learning for both the KNN method and the SFA

Fig. 2. Comparison of function approximation techniques. (a) Optimal and
learned shapes using the KNN method. (b) Optimal and learned shapes using
the SFA method.

TABLE I
FUNCTION APPROXIMATION NORMALIZED RMS ERRORS

method, showing that the SFA method more closely matches the
optimal shape in both dimensions and at all flight conditions.
The optimal action-value function for the continuous domain
is not known, so the performance of the two function approx-
imation methods cannot be directly compared. However, the
sampled data points are known, and each method learns these
points very well. The difference in the quality of approximation
lies in the data points that are not near the sampled data points,
so the two methods are compared by examining errors between
the obtained shape and the true shape. Using normalized error
values for the entire shape time histories, Table I shows that the
numerical simulation using the KNN method had a total rms
error of 1.42 in the y dimension and 0.821 in the z dimension.
The example run using the SFA method had total rms errors
of 1.27 and 0.661 in the y and z dimensions, respectively.
This shows a reduction of the rms error by slightly more than
10% in the y dimension and nearly 20% in the z dimension.
It is important to note that all of these error values include
the transient errors between flight condition changes due to
the morphing dynamics, not just the steady-state errors. Since
these transient errors are clearly present in the time history
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Fig. 3. Trajectory tracking performance time histories. (a) Linear states.
(b) Adaptive parameters.

of the obtained shape, but are not dependent on the function
approximation method used, the actual percent improvement
in the function approximation provided by the SFA method is
actually higher than the numbers in Table I indicate.

B. Tracking Performance

The control objective for the A-RLC controller is to track
the reference trajectories irrespective of the initial condition
errors, parametric uncertainties, and changes in the dynamic
behavior of the air vehicle due to morphing. The deviations
from the reference trajectory seen in Fig. 3(a) are due to rapid
changes in the morphing dimensions. The adaptive control has
to undergo rapid adaptation during a shape change, as seen in
Fig. 3(b). The adaptive controller formulation assumes that the
true parameters are constant, hence the shape change causes
disturbances in the tracking behavior. In the current simulation,
the true parameters that are learned are inertia and mass. Mass
remains constant, but the inertia changes as the air vehicle
morphs into different shapes. The A-RLC controller does not
implement the term İω in (10), so İω acts as an unmodeled
dynamics and perturbs the tracking. However, the A-RLC
controller is able to maintain adequate tracking performance.
Although the A-RLC controller does not explicitly account for
the external disturbance due to the drag force, it still provides
excellent tracking.

VIII. CONCLUSION

The method of function approximation used strongly affects
the reliability of applying the learned data at points other than
those that were sampled during the learning process. Compar-
ing normalized error values, the Galerkin-based SFA reduced
the rms error by slightly more than 10% in the y dimension
and nearly 20% in the z dimension compared to the KNN
method. The stability proof of the A-RLC controller guarantees
asymptotic stability of the tracking error only for constant true
parameters. However, due to the time scale separation and the
time interval between two successive shape changes, it behaves
like a piecewise constant parametric change for the adaptive
controller and is effectively handled.
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